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Abstract 

Let 𝒜 be the class of analytic, univalent and normalized functions 𝑓(𝑧) with 𝑓(𝑧) = 𝑧 + ∑∞
𝑗=2 𝑐𝑗𝑧𝑗 for 𝑧 ∈

△: = {𝑧: |𝑧| < 1}. The generalized hypergeometric functions and the Dziok-Srivastava operator 𝜓𝑛
𝑚[θ]𝑓(𝑧) are 

utilized as follows;  

𝜓𝑛
𝑚[θ]𝑓(𝑧) = 𝑧 + ∑∞

𝑗=2 Γ𝑗𝑐𝑗𝑧𝑗 , where Γ𝑗 =
(𝜃1)𝑗−1,...,(𝜃𝑚)𝑗−1

(𝜂1)𝑗−1,...,(𝜂𝑛)𝑗−1

1

(𝑗−1)!
 to introduce the following subclass.  a  

new    subclass     of     complex order     𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿)     of    𝒜     is    introduced     as    follows; 

𝑅𝑒 {1 +
1

𝛿
(

𝑧(𝜓𝑛
𝑚[θ]𝑓(𝑧))′

𝜓𝑛
𝑚[θ]𝑓(𝑧)

− 1)} > 0, (𝛿 ∈ ℂ − {0}, 𝑧 ∈△). 

Estimated coefficients, the Fekete-𝑆𝑧𝑒𝑔𝑜̈ functional and the Hankel determinant are obtained for   this new  

subclass 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿). 
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functional, Hankel Determinant. 
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1. Introduction 

We consider  𝓐   to be  the   class  of   

regular and univalent functions  

𝑓(𝑧) = 𝑧 +
∑∞

𝑗=2 𝑐𝑗𝑧𝑗 ,                                        (1.1)                                                                       

with 𝑧 ∈△: = {𝑧:  |𝑧| < 1}   and the conditions       

𝑓(0) = 0    and   𝑓′(0) = 1 are satisfied. 

“The generalized hypergeometric   function”   

 𝑚𝐿𝑛(𝑧)   is defined for  positive  real  

numbers   𝜃1, . . . , 𝜃𝑚  and           𝜂1, . . . , 𝜂𝑛 

              (𝜂𝑠 ≠ 0, −1, . . . ; 𝑠 = 1,2, . . . , 𝑛),  

by  

 𝑚𝐿𝑛(𝑧) =     𝑚𝐿𝑛(𝜃1, . . . , 𝜃𝑚; 𝜂1, . . . , 𝜂𝑛; 𝑧)      

         = ∑∞
𝑗=0

(𝜃1)𝑗...(𝜃𝑚)𝑗

(𝜂1)𝑗...(𝜂𝑛)𝑗

𝑧𝑗

𝑗!
(1.2)                              

(𝑚 ≤ 𝑛 + 1;   𝑚, 𝑛 ∈ ℕ0 = ℕ ∪ {0};   𝑧 ∈△), 
where as (𝜏)𝑗  is  the “Pochhammer symbol“ 

given with 

(𝜏)𝑗 = {
1,                                                𝑗 = 0

𝜏(𝜏 + 1) … (𝜏 + 𝑗 − 1), 𝑗 ∈ ℕ  
 

“Many well-known functions as the 

exponential, the Binomial, the Bessel and others” 

are represented by  𝑚𝐿𝑛 (c.f [3]). 

The linear operator 

𝜓(𝜃1, . . . , 𝜃𝑚; 𝜂1, . . . , 𝜂𝑛): 𝒜 → 𝒜  called the 

Dziok-Srivastava operator (c.f [3]) is defined  as     

follows; 

  

𝜓(𝜃1, . . . , 𝜃𝑚; 𝜂1, . . . , 𝜂𝑛)𝑓(𝑧)
= 𝑧  𝑚𝐿𝑛(𝜃1, 𝜃2, . . . , 𝜃𝑚; 𝜂1, 𝜂2, . . . , 𝜂n; 𝑧) ∗ 𝑓(𝑧) 

 = 𝑧 + ∑∞
𝑗=2 ℚ𝑗𝑐𝑗𝑧𝑗 ,                            (1.3)                                                    

where  

ℚ𝑗 =
(𝜃1)𝑗−1,...,(𝜃𝑚)𝑗−1

(𝜂1)𝑗−1,...,(𝜂𝑚)𝑗−1

1

(𝑗−1)!
.                                                                        

 

For  each 𝛿 ∈ ℂ − {0}, we   introduce the 

subclass𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿) of functions  𝑓(𝑧)  of the 

form   (1.1)    with   the    following  

condition     

𝑅𝑒 {1 +
1

𝛿
(

𝑧(𝜓𝑛
𝑚[𝜃]𝑓(𝑧))′

𝜓𝑛
𝑚[𝜃]𝑓(𝑧)

− 1)} > 0,   𝑧 ∈△ (1.6)                                                    

where  𝜓𝑛
𝑚[𝜃]𝑓(𝑧)   is  defined  by  (1.3). 

The following subclasses are obtained by 
giving certain values for m, n, 𝜃𝑚 and 𝜂𝑛 for 
m ≤ n + 1; 

• For n = 1, m = 2, 𝜃1 = 1 and 𝜃2 = 𝜂1, 
we get the subclass that was obtained 
by Nasr and Aouf [10]. 

• For n = 1, m = 2, 𝜃1 = 2 and 𝜃2 = 𝜂1, 
we get the subclass that was obtained 
by Nasr and Aouf [9]. 

The estimate of  |𝑐3 − 𝜚𝑐2
2| is investigated 

by Fekete and 𝑆𝑧𝑒𝑔𝑜̈ [4]  for a function 𝑓(𝑧) 

with a Salagean differential operator, called as 

“Fekete and 𝑆𝑧𝑒𝑔𝑜̈  functional”, where 𝜚  is 

real. Also, the 𝓆𝑡ℎ  Hankel determinant is 

obtained by Noonan and Thomas [11] for 

 𝑓(𝑧) ∈ 𝒜 for 𝓆 ≥ 1 and 𝑖 ≥ 0  as follows  

𝐻𝓆(𝑖) = |

𝑐𝑖 𝑐𝑖+1 … 𝑐𝑖+𝓆−1

𝑐𝑖+1 𝑐𝑖+2 … 𝑐𝑖+𝓆

⋮ ⋮ ⋱ ⋮
𝑐𝑖+𝓆−1 𝑐𝑖+𝓆 … 𝑐𝑖+2𝓆−2

|  

(𝑐1 = 1). 
 This determinant was obtained by various 

authors for certain values 𝓆  and i. 𝐻2(1) =
|𝑐3 − 𝑐2

2| is called the Fekete-𝑆𝑧𝑒𝑔𝑜̈ functional. 

“The Hankel determinant of p-valent functions, 

univalent functions and starlike functions” was 

obtained by Pommerenke [13]. Also Noor [12] 

studied “the Hankel determinant problem for the 
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class of functions wit boundary rotation”. The 

maximization value for “The second Hankel 

determinant” 𝐻2(2) = |𝑐2𝑐4 − 𝑐3
2|  for 

“univalent functions whose derivative has 

positive real parts” was studied by Janteng et al. 

[5].  Also, Lee et al. [7] investigated the 

maximization value for “the second Hankel 

determiant for subclasses of Ma-Minda starlike 

and convex functions”. Bansal [1] obtained 

𝐻2(2) for a new subclass of regular functions. 

For more see [13,14] 

We seek in our investigation to obtain the 

estimated coefficients  and “the second Hankel 

determinant” for the functions 𝑓(𝑧)  which 

belongs to 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿).  

 

2. Initial Lemmas 

  The following lemmas that we need to obtain 

our results are mentioned. Suppose 𝜔  be the 

class of functions of the form  

𝑣(𝑧) = 1 + 𝑏1𝑧 + 𝑏2𝑧2 + 𝑏3𝑧3+. . . ,         (z
∈△) 

that  are regular with  the  conditions  

𝑣(0) = 1 and 𝑅𝑒{𝑣(𝑧)} > 0.  

Lemma 1 [2]    

Suppose     𝑣(𝑧) ∈ 𝜔,    then 

|𝑏𝑡|     ≤ 2                                 (𝑡 ∈ ℕ).         (2.1) 

Lemma 2 [6] 

Suppose 𝑣(𝑧) ∈ 𝜔, then            

|𝑏2 − 𝑡𝑏1
2| ≤ 2max{1, |2𝑡 −

1|}                  (2.2)                                                         

for any complex number t. 
Lemma 3 [8]  

Suppose 𝑣(𝑧) ∈ 𝜔, then we have for certain 

values of x and z  

2𝑏2 = 𝑏1
2 + 𝑥(4𝑏1

2),                                   (2.3)                                                          

4𝑏3 = 𝑏1
3 + 2𝑏1(4 − 𝑏1

2)𝑥 − 𝑐1(4 − 𝑏1
2)𝑥2 +

2(4 − 𝑏1
2)(1 − |𝑥|2)𝑧                                (2.4)                            

where as |𝑥| ≤ 1  

and |𝑧| ≤ 1. 

3. Main Results 

Theorem 1.  

Let 𝑓(𝑧) ∈ 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿), then  

|𝑐2| ≤
2|𝛿|

ℚ2

, 

|𝑐3| ≤
|𝛿|(1 + 2|𝛿|)

ℚ3

. 

Proof.  Let 𝑓(𝑧) ∈ 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿),  thus  

we obtain   by (1.6)  

𝑅𝑒{1 +
1

𝛿
[

1+∑∞
𝑗=2 𝑗ℚ𝑗𝑐𝑗𝑧𝑗−1

1+∑∞
𝑗=2 ℚ𝑗𝑐𝑗𝑧𝑗−1 − 1]} > 0,                                                      

(3.1) 

where ℚ𝑗 =
(𝜃1)𝑗−1,...,(𝜃𝑚)𝑗−1

(𝜂1)𝑗−1,...,(𝜂𝑛)𝑗−1

1

(𝑗−1)!
. 

 

By setting 

1 +
1

𝛿
[
1 + ∑∞

𝑗=2 𝑗ℚ𝑗𝑐𝑗𝑧𝑗−1

1 + ∑∞
𝑗=2 ℚ𝑗𝑐𝑗𝑧𝑗−1

− 1] =       𝑣(𝑧) 

= 1 + 𝑏1𝑧 + 𝑏2𝑧2 +

𝑏3𝑧3+. . . . . ,                                                   (3.2)                                                  

then we obtain  

1 +
1

𝛿
[

1+∑∞
𝑗=2 𝑗ℚ𝑗𝑐𝑗𝑧𝑗−1

1+∑∞
𝑗=2 ℚ𝑗𝑐𝑗𝑧𝑗−1 − 1] =  1 +

1

𝛿
[(1 +

∑∞
𝑗=2 𝑗ℚ𝑗𝑐𝑗𝑧𝑗−1) ∗ (1 − [ℚ2𝑐2𝑧 + ℚ3𝑐3𝑧2]) +

ℚ4𝑐4𝑧3 + ⋯ ] + [ℚ2𝑐2𝑧 + ℚ3𝑐3𝑧2 + ℚ4𝑐4𝑧3 +
⋯ ]2 − [ℚ2𝑐2𝑧 + ℚ3𝑐3𝑧2 + ℚ4𝑐4𝑧3 + ⋯ ]3 +

⋯ ) − 1]                                                                         

= 1 + 𝑏1𝑧 + 𝑏2𝑧2 +
𝑏3𝑧3+. . . . .  𝑓𝑟𝑜𝑚  (3.2).                              (3.3)                                     

Thus by the comparison of the coefficients in 

(3.3), we obtain  

 

𝑐2 =
𝛿𝑏1

ℚ2
,                              (3.4) 

𝑐3 =
δ(𝑏2+𝛿𝑏1

2)

2ℚ3
,                        (3.5)                                                                 

𝑐4 =
𝛿[2𝑏3+𝛿2𝑏1

3+3𝛿𝑏1𝑏2]

3!ℚ4
.                (3.6)                                                          

 

We obtain by using lemma 1 with (3.4) and (3.5), 

(3.6)  

|𝑐2| ≤
2|𝛿|

ℚ2
                            (3.7)                                                                     

|𝑐3| ≤
|𝛿|(1 + 2|𝛿|)

ℚ3

                               (3.8)  

|𝑐4| ≤
2|𝛿|[1+2|𝛿|2+3|𝛿|]

3ℚ4
.                           (3.9)    

Thus the proof is complete.  

  

Theorem 2.  

Suppose 𝑓(𝑧) ∈ 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿), then we have 

for any real number 𝛾  

|𝑐3 − 𝛾𝑐2
2| ≤ 

         
|𝛿|

ℚ3
max {1, |2𝛿 {

2𝛾ℚ3

ℚ2
2 − 1} − 1|}. (3.10) 

Proof. Using (3.4) and (3.5), we obtain  

|𝑐3 − 𝛾𝑐2
2| =

|𝛿|

2ℚ3
|𝑏2 − 𝛿 {

2𝛾ℚ3

ℚ2
2 −

1} 𝑏1
2|.                                      (3.11) 

Upon applying Lemma 2, we have  

 

|𝑐3 − 𝛾𝑐2
2| ≤  

|𝛿|

ℚ3
max {1, |2𝛿 {

2𝛾ℚ3

ℚ2
2 − 1} −

                        1|} .                         (3.12)  

Thus we end the proof.  

  

Theorem 3 .  

Let 𝑓(𝑧) ∈ 𝑅𝑛
𝑚(𝜃, 𝜂, 𝛿), then 𝐻2(2) =

|𝑐2𝑐4 − 𝑐3
2| ≤

|𝛿|2

3ℚ2ℚ4ℚ3
2 {4ℚ3

2(1 + |𝛿|(2|𝛿| +

3)) + 3ℚ2ℚ4(1 + 4|𝛿|(1 + |𝛿|))}.          (3.13) 

Proof. We get from (3.4), (3.5) and (3.6)  

|𝑐2𝑐4 − 𝑐3
2| =

|𝛿|2

12ℚ2ℚ4ℚ3
2 |ℚ3

2(4𝑏1𝑏3 + 2𝛿2𝑏1
4

+         6𝛿𝑏1
2𝑏2) − 3ℚ2ℚ4(𝑏2

+ 𝛿𝑏1
2)2|. (3.14) 

Upon applying Lemma 3, we get 

|𝑐2𝑐4 − 𝑐3
2| =

|𝛿|2

12ℚ2ℚ4ℚ3
2 |ℚ3

2(𝑏1
4 + 2𝑏1

2(4 −
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𝑏1
2)𝑥 − 𝑏1

2(4 − 𝑏1
2)𝑥2 + 2𝑏1(4 − 𝑏1

2)(1 −
|𝑥|2)𝑧 + 2𝛿2𝑏1

4 + 3𝛿𝑏1
4 + 3𝛿𝑏1

2(4 − 𝑏1
2)𝑥) −

3

4
ℚ2ℚ4(𝑏1

2 + (4 − 𝑏1
2)𝑥 + 2𝛿𝑏1

2)2.  

Setting 𝑏1 = 𝑏 and since |𝑏1| ≤ 2, then 

free of limitations we assume 𝑏 ∈ [0,2]. 

 

  

|𝑐2𝑐4 − 𝑐3
2| ≤

|𝛿|2

12ℚ2ℚ4ℚ3
2 {ℚ3

2(𝑏4 + 2𝑏2(4

− 𝑏2)|𝑥| + 𝑏2(4 − 𝑏2)|𝑥|2

+ 2𝑏(4 − 𝑏2)(1 − |𝑥|2)
+ 2|𝛿|2𝑏4 + 3|𝛿|𝑏4

+ 3|𝛿|𝑏2(4 − 𝑏2)|𝑥|)

+
3

4
ℚ2ℚ4(𝑏4 + (4

− 𝑏2)2|𝑥|2 + 2𝑏2(4 − 𝑏2)|𝑥|
+ 4|𝛿|2𝑏4 + 4|𝛿|𝑏4

+ 4|δ|𝑏2(4 − 𝑏2)|𝑥|). 
Setting 𝒟 = |𝑥| ≤ 1, we get  

|𝑐2𝑐4 − 𝑐3
2| ≤

|𝛿|2

12ℚ2ℚ4ℚ3
2 [𝑏4ℚ3

2 +

2𝑏(4 − 𝑏2)ℚ3
2 + 2|𝛿|2ℚ3

2𝑏4 + 3|𝛿|ℚ3
2𝑏4 +

3

4
ℚ2ℚ4𝑏4 + 3|𝛿|2ℚ2ℚ4𝑏4 + 3|𝛿|ℚ2ℚ4𝑏4 +

{2ℚ3
2𝑏2(4 − 𝑏2) +  3|𝛿|ℚ3

2𝑏2(4 − 𝑏2) +
3

2
ℚ2ℚ4𝑏2(4 − 𝑏2) + 3|𝛿|ℚ2ℚ4𝑏2(4 −

𝑏2)}𝒟 + {𝑏2(4 − 𝑏2)ℚ3
2 − 2𝑏(4 − 𝑏2)ℚ3

2 +
3

4
ℚ2ℚ4(4 − 𝑏2)2}𝒟2] = 𝑇(𝑏, 𝒟).   (3.15)

   

 

Thus for 0 ≤ 𝒟 ≤ 1  

2ℚ3
2𝑏2(4 − 𝑏2) + 3|𝛿|ℚ3

2𝑏2(4 − 𝑏2)

+
3

2
ℚ2ℚ4𝑏2(4 − 𝑏2)

+ 3|𝛿|ℚ2ℚ4𝑏2(4 − 𝑏2)
+ {2𝑏2(4 − 𝑏2)Γ3

2 − 4𝑏(4

− 𝑏2)ℚ3
2 +

3

2
ℚ2ℚ4(4

− 𝑏2)2}𝒟 > 0. 
We note that 𝑇(𝑏, 𝒟) obtains its maximum 

value at 𝒟 = 1. Then  

max
0≤𝒟≤1

𝑇(𝑏, 𝒟) = 𝑇(𝑏, 1)

=
|𝛿|2

12ℚ2ℚ4ℚ3
2 [𝑏4ℚ3

2 + 2𝑏(4

− 𝑏2)ℚ3
2 + 2|𝛿|2ℚ3

2𝑏4

+ 3|𝛿|ℚ3
2𝑏4 +

3

4
ℚ2ℚ4𝑏4

+ 3|𝛿|2ℚ2ℚ4𝑏4

+ 3|𝛿|ℚ2ℚ4𝑏4 + 2ℚ3
2𝑏2(4

− 𝑏2) + 3|𝛿|ℚ3
2𝑏2(4 − 𝑏2)

+
3

2
ℚ2ℚ4𝑏2(4 − 𝑏2)

+ 3|𝛿|ℚ2ℚ4𝑏2(4 − 𝑏2)
+ 𝑐2(4 − 𝑐2)Γ3

2 − 2𝑏(4

− 𝑏2)ℚ3
2 +

3

4
ℚ2ℚ4(4

− b2)2]
= 𝒲(𝑏).                          (3.16) 

𝒲′(𝑏) =
|𝛿|2

3ℚ2ℚ4ℚ3
2 [(3|𝛿|2ℚ2ℚ4 + 2|𝛿|2ℚ3

2

− 2ℚ3
2)𝑏3 + (6ℚ3

2 + 6|𝛿|ℚ3
2

+ 6|𝛿|ℚ2ℚ4)𝑏] > 0, (3.17) 

for 0 ≤ 𝑐 ≤ 2. Since the function 𝒲(𝑏)          
obtains  its maximum value at 𝑏 = 2, then  

𝒲(𝑏) =
|𝛿|2

3ℚ2ℚ4ℚ3
2 {4ℚ3

2(1 + |𝛿|(2|𝛿| + 3))

+ 3ℚ2ℚ4(1

+ 4|𝛿|(1 + |𝛿|))}.  (3.18) 

  (3.19) 

Thus 

|𝑐2𝑐4 − 𝑐3
2| ≤

|𝛿|2

3ℚ2ℚ4ℚ3
2 {4ℚ3

2(1 + |𝛿|(2|𝛿| +

3)) + 3ℚ2ℚ4(1 + 4|𝛿|(1 + |𝛿|))}.  (3.19)  
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