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Abstract

Let A be the class of analytic, univalent and normalized functions f(z) with f(z) =z + X7, ¢jz! for z €
A: = {z:|z| < 1}. The generalized hypergeometric functions and the Dziok-Srivastava operator ;*[8]f(z) are

utilized as follows;
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new  subclass of complex order R™(6,1,6)

- 1)} >0, (6 € C—{0},z €n).

to introduce the following subclass. a

of A is  introduced as follows;

Estimated coefficients, the Fekete-Szego functional and the Hankel determinant are obtained for  this new

subclass R} (6,71, 6).
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1. Introduction

We consider A to be the class of
regular and univalent functions
f@)=z+
X2 677, (1.1
with z eA: = {z: |z| < 1} and the conditions
f(0)=0 and f'(0) =1 are satisfied.
“The generalized hypergeometric  function”
mLn(z) is defined for  positive  real
numbers 6,,...,0,, and N1 Mn

s #0,—-1,...;s=12,...,n),
by
mln(2) = mlég()gl'(é--; gm; NiyenesTins Z)
Qo 1)j-(Om)j zJ
=20 (10)7-Cim)j J! (12)
(m<n+1, mneN;,=NU{0}; ze€h),
where as (7); is the “Pochhammer symbol*
given with
_(L Jj=0
@ = {r(r+ D..(t+j-1), JEN

“Many well-known functions as the
exponential, the Binomial, the Bessel and others”
are represented by L, (c.f[3]).

The linear operator
YOy, 0Ny ) A > A called  the
Dziok-Srivastava operator (c.f [3]) is defined as
follows;

Y1, O 1y ) f(2)
=z an(HI' 92' rre Hm; N1MN2s -0 Mo Z) * f(Z)
=z+ X7, Qi¢z, (1.3)
where
Q, = O Om)js 1
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For each 6 € C— {0}, we introduce the
subclassRr*(6,n,6) of functions f(z) of the
form (1.2) with the following
condition

1z 61f (@)’
Re {1 + E(W— 1)} > O, Z EN (16)
where Y7t[0]f(z) is defined by (1.3).
The following subclasses are obtained by
giving certain values for m, n, 6,, and n, for
m<n+1;
e Forn=1,m=2, 8, =1 and 6, =14,
we get the subclass that was obtained
by Nasr and Aouf [10].

e Forn=1,m=2, 8, =2 and 6, =14,
we get the subclass that was obtained
by Nasr and Aouf [9].

The estimate of |c; — oc?| is investigated
by Fekete and Szego [4] for a function f(z)
with a Salagean differential operator, called as
“Fekete and Szegd functional”, where o is
real. Also, the g Hankel determinant is
obtained by Noonan and Thomas [11] for
fz)yeAforg=1and i >0 asfollows

Ci Civ1 - Citg-1
, Civ1 Civz = Ciyg
H@(l) =|: : DU
Citg-1 Civq -+ Cit2g-2
(¢ =1).

This determinant was obtained by various
authors for certain values g and i. H,(1) =
|cs — c2| is called the Fekete-Szegd functional.
“The Hankel determinant of p-valent functions,
univalent functions and starlike functions” was
obtained by Pommerenke [13]. Also Noor [12]
studied “the Hankel determinant problem for the



class of functions wit boundary rotation”. The
maximization value for “The second Hankel
determinant” Hy(2) = |cycq — 2| for
“univalent functions whose derivative has
positive real parts” was studied by Janteng et al.
[5]. Also, Lee et al. [7] investigated the
maximization value for “the second Hankel
determiant for subclasses of Ma-Minda starlike
and convex functions”. Bansal [1] obtained
H,(2) for a new subclass of regular functions.
For more see [13,14]

We seek in our investigation to obtain the
estimated coefficients and “the second Hankel
determinant” for the functions f(z) which
belongsto R*(8,n,5).

2. Initial Lemmas

The following lemmas that we need to obtain
our results are mentioned. Suppose w be the
class of functions of the form
v(z) =1+ bz + byz? + byz3+..., (z

EA)

that are regular with the conditions
v(0) =1 and Re{v(z)} > 0.

Lemma 1 [2]

Suppose v(z) € w, then
b <2 (t EN). (2.1)
Lemma 2 [6]

Suppose v(z) € w, then
|b, — th?| < 2max{1, |2t —
11} (2.2)
for any complex number t.
Lemma 3 [8]

Suppose v(z) € w, then we have for certain
values of x and z
2b, = b? + x(4b3), (2.3)
4b; = b3 + 2b, (4 — bP)x — ¢;(4 — bP)x? +
2(4 - b — |x»)z (2.4)
whereas |x| <1
and |z| < 1.
3. Main Results
Theorem 1.

Let f(z) € R (0,1, 6), then

_ 2181
lc2| < Q,’
151(1 +2|5])

Q; '

Proof. Let f(z) € R}'(8,1,6), thus
we obtain by (1.6)
1 14572, jQ ezt
Re{l + E [WQ]]C]IZJA

(3.1)
01)j-1rOm)j—1 1

where Q; = —Z J )
QJ M1) j—1r(Mn) j—1 G—D!

les| <

-1} >0,

By setting

11+ 32, jQ;c;iz/~t
1+ Z}mZJQ} ) — 1= v(2)
0 1+21=2 QjCjZ} 1

=1+b12+b222+

byz3+..... ) (3.2)
then we obtain

1 1+Z?';szjCij_1 _ 1
1+ [—Hzﬁﬂjqﬂ_l 1= 1+5[(1+
2;0:2 ijCij_l) * (1 - [Qac2z + Q3032°)) +
Q4C4Z3 + ]+ [Qacz + Q3C3ZZ + Q4C4Z3 +
]2 —[Qzcz + Q3C3ZZ + Q4C4Z3 + ]3 +

) — 1]
= 1+b1Z+b2Z2+
byz3+..... from (3.2). (3.3)

Thus by the comparison of the coefficients in
(3.3), we obtain

_ &by

€ =3 (3.4)
Q2 )
_ 8(by+6b7)
C3 = 2Q3 y (3.5)
233
C4_ — 8[2b3+6 h1+36b1b2]. (36)

3!Qq4

We obtain by using lemma 1 with (3.4) and (3.5),

(3.6)
9
leal <2 (3.7
61(1+ 2|6
oy < 121+ 215D 3.8)
3
lcal < 2|6|[1+2|5|2+3|5|]. (3.9)

3Qq
Thus the proof is complete.

Theorem 2.
Suppose f(z) € Ri*(6,n,5), then we have
for any real number y

lcs —lgflcfl < o
@max{l, |26{ g; - 1} - 1|} (3.10)

Proof. Using (3.4) and (3.5), we obtain

21 _ |5|| {ZYQs
c;—yes|=—|b, — 6 -
lcz —yes| 20, |72 @

1} b12|. (3.11)
Upon applying Lemma 2, we have

les —ycil < !Q%lmax{l, |25 {2@3 - 1} -

1|}, (3.12)

Thus we end the proof.

Theorem 3.
Let f(z) € R*(0,1,6), then H,(2) =
1512 2
no.q (L +181210] +
3)) +3Q,Q,(1 + 415I(1 + |8D)}. (3.13)
Proof. We get from (3.4), (3.5) and (3.6)

| § 2 214
20,0, |Q5(4bybs + 267Dy
+  68bib,) — 3Q,Qu(b,
+ 6b%)?|.(3.14)
Upon applying Lemma 3, we get

1612 214 204 _
SO @it + 2674

lcacy — C32| <

lcaca — C32| =

lcacq — C32 =



b?)x — b?(4 — bP)x?* + 2b, (4 — bH)(1 —
|x|%)z + 262bf + 36b{ + 36b(4 — bi)x) —
2 QuQu (b} + (4= bP)x + 25bD)%,

Setting b; = b and since |b;| < 2, then
free of limitations we assume b € [0,2].

|51
———— {Q3(b* + 2b*(4
12@2@24@%{ s (
- b2)|x| + b2(4 - b2)|x|2
+2b(4 — bz)(l — |x|2)
+ 2|612b* + 3|6|b*
+3|8|b%(4 — b?)|x|)
3
+ZQ2Q4(b4 + (4
- b2)2|x|2 + 2b2(4 - b2)|x|
+ 4]6]?b* + 4|5|b*
+ 4|8|b2(4 — b2)|x|).

Setting D = [x| < 1, we get

|51 402
b +
12Q,Q4Q3% [b"Qs

2b(4 — b?)Q3 + 2|5|?Q2b* + 3|5|Q3b* +
> QuQub* + 3[5/2Q,Qub* + 3|5]Q,Qub* +
{2Q3h%(4 — b?) + 3|6|Q%b%(4 — b?) +

> QuQub?(4 — b?) + 3161Q,Qub%(4 —
b)Y¥D + {b?(4 — b>)Q3 — 2b(4 — b?)Q3 +
2Q,Qu(4 — b?)*D?] = T(h, D). (3.15)

cyc, — 2| <

lezey — 3 <

Thusfor0<D <1
2Q2b%(4 — b?) + 3|6|Q3b%(4 — b?)
3
+ §Q2Q4b2(4 - bz)
+3|6|QQ,b% (4 — b?)
+ {2b%(4 — b?)T2 — 4b(4
3
—bH)Q3 + 5 Q,Qu(4
- b»HAD > 0.
We note that T'(b, D) obtains its maximum

value at D = 1. Then
OrzlgflT(b,D) =T(b,1)

_ Mo [b*Q3 + 2b(4
12Q,Q,Q2 " *°

- b»)Q3 + 2|5]*Q3b*

3
+3|6|Q3b* +ZQ2Q4b4
+3|612Q,Q4b*
+3|6]Q.Q4b* + 2Q3b%(4
— b2) + 3|6|Q2b2 (4 — b?)

3
+§Q2Q4b2(4—b2)
+3|6]Q.Q4b%(4 — b?)
+ c%(4— )2 — 2b(4

3

- b*)Q3 +ZQ2Q4(4
—b?)?]
- W(b). (3.16)
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(3]
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[7]

L[(3|6|2@ Qs + 2|817Q}
3Q,Q,Q} e :

—2Q3)b* + (6Q5 +6/6|Q3
+6/8]Q,Q,)b] > 0,(3.17)

for 0 < ¢ < 2. Since the function W(b)
obtains its maximum value at b = 2, then

W' (b) =

W(b) = L{4(@2(1 +161(218] +3))
3Q,Q,Q3 " °
+3Q,Q,(1
+4161(1+18D)}. (3.18)
(3.19)
Thus
leacs = c31 < 5org-or (4Q3(1 + 1812161 +

3)) +3Q,Qu(1 + 4I81(1 + [51))}. (3.19)
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